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1. Introduction
TuE Poincaré duality for manifolds may be generalized to arbitrary
topological spaces. The result is a spectral sequence £ running

HYX; 8,) =% H,_,(X),
which is a topological invariant of the space X, but not an invariant of
homotopy type. The E? term is the Cech cohomology of X with coefficients
in the sheaf £ of local singular homology of X, and the E® term is related
to the ordinary global singular homology of X. The sequence therefore
relates the local and global structures of the space. '

If X is a closed orientable n-manifold, then the local homology sheaf
reduces to the simple sheaf of integers, and the spectral sequence collapses
to the familiar isomorphism of Poincaré, H'~ H,_,.

If X is a polyhedron, there is a simple way of defining E, and its dual £,
using a triangulation. In order to obtain the spectral sequences as quickly
as possible we give this simplicial method in §2, and summarize the
properties of the sequences in Theorem 1.

In §3 we generalize E, £ to arbitrary topological spaces, using a
combination of singular homology and Cech cohomology, and verify that
the simplicial sequences are in fact topological invariants. The functorial
qualities of E, £ are also discussed. Since both E and £ involve botk
homology and cohomology, they are not functors on the category of
topological spaces but we prove in Theorem 2 that if we generalize them
further they are functors on a category of maps, the sequences of a space
being those associated with the identity map.

The last section is concerned with the geometrical interpretation of
E and £, and, in particular, of the filtrations induced on the homology
and cohomology groups. It appears that the filtration of a homology or
cohomology class has something to do with the dimension of that part
of the space in which it is ‘situated’, and we prove two theorems which
are feelers in this direction. Theorem 3 connects the homology filtration
with cap products, while Theorem 4 concerns the filtration of a cohomology
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class. Define the codimension of a cohomology class to be the minimum
dimension of the support of a cocycle in that class. Theorem 4 shows that
codimension > filtration, and we conjecture that on polyhedra codimension
= filtration.

The paper uses definitions and techniques introduced in (5), but is
self-contained; the main difference between this paper and (5) is the
mixture here between homology and cohomology. Theorems 1, 2, and 3
were contained in a thesis submitted for a doctorate at Cambridge in
1954, and Theorem 1 was stated in (3). The sequence E was used in its
collapsed form in (1) to prove the Poincaré duality between the singular
homology and the Cech cohomology of a topological manifold. An
analogous spectral sequence, defined using local Cech homology, which is
isomorphic to E on polyhedra, was discovered independently by I. Fary
in 1955.
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2. Simplicial theory

Let K be a finite oriented simplicial complex of dimension n. We use
the same symbol K also to denote the resulting geometric chain complex
K =ZK,. The purpose of this section is to define the spectral sequences
E(K) and E(K), and to establish their main properties in Theorem 1.
The reader is warned that at first sight the mixture of homology and
cohomology may seem unnatural, but in the next section we generalize
the procedure and show that the algebra is functorial.

The dichain complex D

Let D? be the free Abelian group generated by all pairs of simplexes
(o?,7,), where o” is an oriented p-simplex of K, and 7, a ¢g-dimensional
face of o”. The reason for the position of the suffixes is that we regard =,
as an elementary chain, and o” as an elementary cochain (mapping o, to 1

and other simplexes to 0). Let D = ZDg, and define skew-commutative

R p.q
differentials d,,d, on D by the formulae
dy : D2 D2+t given by d,(o?,7,) = (807, 7,),
dy : ﬁg»ﬁg_l given by sz(cp,Tq) = (—)?(o?,07,),
where the notation is distributive. Then D is a bigraded bidifferential
group. We make D into & dichain complex by further specifying a total
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degree and a total differential. Define the total degree to be s = p—q, the

total grading D® = ) > SD{;, and the total differential to be d = d,—d,.
Sa=

(The reason for the minus signs is explained in the next section.) Then

d is a coboundary d: Ds— D5+, and so we can form the cohomology

group H*(D) = 3 Hs(D).

The dichain complex D
Let D¢ = D2 Z = Hom (D{;,Z), the group of homomorphisms of D2
into the integers Z. Let D = DZ = ¥ D3. Then D is also a dichain

»a
complex, and since K is finite, both D and D are free and finitely
generated. The total degree of D is s = p—gq, the total grading is given
by D, = D4, and the total differential by d = df1. Then d is a

D~q=$
boundary d:D,—D,,, and so we can form the homology group

Hy(D) = T H(D).

The spectral sequences
Define E(K), B(K) to be the spectral sequences obtained from D, D,
respectively, by filtering with respect to g.

Notation for spectral sequences

In order to decide whether the suffixes p,q,7,s should be subscripts or
superscripts in the two spectral sequences E,E we have the following
conventions. The positions of the filtration degree ¢ and the complemen-
tary degree p are inherited from D, D; the position of the total degree s
is the same as that of p because s = p—gq; the position of the spectral
index r is opposite to that of s (analogous to the usual convention that »
lies opposite to » = p+¢). Thus £ is composed of terms E7, r = 2,3, ..., 00,
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where E" = ¥ E4; and £ is composed of terms B,, r = 2,3, ..., 00, where

».q
E.=3 E,}l’. The differential d” on E” increases the filtration degree g by 7,
o

decreases the total degree s by 1, and so increases the complementary
degree p by r—1. The differential d, on Z, behaves dually. Therefore

dr: Bra s Bratr 4 B2 B 2o

p+r—-12 r.q-r

Facets

Now that the spectral sequences have been defined, we want to describe
the first and last terms, the E2-term and the E®-term. For this it is
convenient to use the language of (5). Notice that the set of pairs
{(o,7); o>} is not a facing relation in the sense of (5), because it does
not satisfy the facing condition. The difference will be analysed in the
next section. Nevertheless we can speak about the facet of a simplex,
which is the complex consisting of all those simplexes that are paired
to it. The right facet of o is the closure ¢ of o, which is acyclic. The left
facet of = is st 7, the star of =, which is an open subcomplex of K. The left
facets are not in general acyclic, and their homology gives what we have
been talking about as local homology.

As in (5) we use the term stack for a local coefficient system; a stack is
a functor from K, regarded as a category, to the category of Abelian
groups.

Define the local homology stack, & = £
stack on K given by

(i) &,7 = H,(str), and

(i) if 7>>7', then 87’ — @7 is the restriction homomorphism. (Note that
this homomorphism does go the right way because st is open in st+'.)

Define the local cohomology stack, & = 87, to be the graded covariant
stack on K given by

(i) @2+ = Hr(st7), and

(ii) if >, then {r— Q+' is the inclusion homomorphism.

For example, if K is a closed orientable combinatorial #-manifold, then
both £, and " reduce to the simple stack of integer coefficients, and
g, = 8 = 0 for p#n.

»» b0 be the graded contravariant

Lemma 1. There areisomorphisms H(K) = H(D)and Hs(D) =5 Hs(K).

Proof. We prove the second; the first is given by the dual proof. The
proof is a standard spectral-sequence argument, and resembles that of
((5) Theorem 1). Consider the p-filtration spectral sequence of D running

H? H(D) %> Hs(D).
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We can write D ~ 15, the direct product of the acyclic right facets, since
D is free and finitely generated. Therefore

VA =
HyD)= HHQ(G):{KZ; Z ” 0
Hr H(D)~ {Hp(()K) Z : gf

Therefore the spectral sequence collapses to H5(K)~ Hs(D). We show by
the arrows in the statement of the lemma the correct direction of the
isomorphisms, because they are in fact 1nduced by the augmentavion of
the acyclic right facets.

THEOREM 1. (1) The spectral sequences of the finite simplicial complex K
run
B(K) : HY(K; 8,) =% HK),
E(K): H(K; 8») = H%(K).
2) If K is of dimension n, the domain of both sequences is the triangle
0<g<p<n (as shown in Fig. 1), and the sequences converge at r = n+ 1.
(3) The sequences are topological (although not homotopy type) invariants
of the underlying polyhedron.

(4) If K is a closed orientable combinatorial n-manifold, then both
sequences collapse to the Poincaré duality isomorphism.

Proof. (1) We prove the result for the second sequence; the first is
dual. The spectral sequence £(K) runs

H, H?(D) == Hs(D).

By Lemma 1 we can replace H5(D) by H¢K). To identify the £,-term,
we write D = Zstr, the direct sum of the left facets. Therefore

Hr(D)xZHr(st)x ZP 1,

which is the chain group of K with coefficients in the covariant stack £7.

Therefore
H,H?(D)~ H(K ; {»).

(2) The domain of both sequences is inherited from the domain of D
in Fig. 1. If »>n, then both d” and d, move anything in the domain out
of the domain, and so d” = d, = 0. The convergence follows.

(3) We shall prove the topological invariance in the next section, in
Theorem 2(6).

(4) If K is a closed combinatorial n-manifold, and 7€ K, then |st7] is
an open z-cell, and so st 7 has the cohomology of a closed %-cell modulo its
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bounding »n — 1 sphere, namely

Z, p=mn
Hpo(str)x{"’ ’
(str)= {0, P #n.
If K is orientable, all the homomorphisms of the stack & may be chosen
to be the identity homomorphism Z —-Z, so that 2» is the simple stack
of integer coefficients, while Qv =, p#n. Therefore

H(K), p=n
D~ q )
E2’q={ 0 , p#n.

Since the £,-term is concentrated on the line p = n, the spectral sequence
E collapses, B, = B~ H*(K). Since H,(K) is the only non-zero term on
the isogonal s = n—g¢, we have H (K)~ H"~9(K), as desired. The dual proof
shows that E also collapses onto the line p = n to give the isomorphism
HYK)~H,_,(K). The proof of Theorem 1 is complete, apart from the
topological invariance. ’

ExampLE. We give one example in detail, to illustrate the type of
sequence that can occur, and to indicate how to compute it. Since the
space concerned is contractible (in fact is a cone), and since the sequence
E(K) is non-trivial (in fact has non-zero differentials d2,d?,...,d"), the
example proves that E is not an invariant of homotopy type, for the
sequence of a point is clearly trivial. A second more interesting example,
in which the choice of coefficient group is significant, is given at the end
of the paper.

Let M be a closed orientable combinatorial n-manifold, and let K be a
cone on M with vertex v. To compute E?, we first compute {. Let
Z,H,,H,,....,H,_,,Z be the integral homology groups of M, and let
Z,H' H?, ...,H"',Z be the integral cohomology groups of M, so that
H7~H,_,. The simplexes of K are of three types: (i) the vertex v; (ii) the
join vt of v to a simplex 7€M ; and (iii) a simplex re M. The following
table gives the value of the stack £, for the three types.

P I 0 1 2 3 n n+1
2,(v) o o H, H, .. H,, z
2 (vr) o o o o .. 0 Z
2,(7) 0 0 0 0 0 0

Therefore E? has two types of non-zero terms, the first type situated on
the p-axis due to the local homology at v:

E8~H, ,, p=23,..,n

Terms of the second type are situated on the line p = n+1, and are due
to the global cohomology of the open subcomplex K — M (or equivalently
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KmOdM)I E2'§ﬂ+1;H(1_1’ q=2,3,...,m,

By,

n4l =
For 2 <r<n, the differential d* is zero everywhere except for

dr: Er’og—r-i-zi)Er';H:
which is none other than the Poincaré duality isomorphism H, _, ., =5 Hr
for M. Eventually E*+! = E*, and the only non-zero term leftis E=+1 ~ Z.
This lies on the isogonal s = 0, and corresponds to the only non-zero

homology group of K, H(K)~Z.
A 2

3. Generalization and topological invariance

The aim of this section is to put the algebra on a proper footing, and
to extend the definition of E,E to arbitrary topological spaces with
arbitrary coefficients, thereby proving the topological invariance of
E(K),E(K). We in fact extend the definition further, so that E,£ are
functors on a mixed category M of continuous maps. The results are
summarized in Theorem 2.

The dichain complexes K® (L G) and K (L®G)
Let K = XK, and L = XL, be geometric chain complexes (for the
definition see ((5)§2)), and let G be a coefficient group. We use the
5388.3.13 M
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symbol # in the following sense: define
LpG=3L,pG, where L,%G=Hom(L,G).
q

Therefore K ® (L ¢t @) is a bigraded bidifferential group
K® (L'/‘G) = EK1)® (qu/?G),
Dg

with skew commutative differentials

where dx, wx denote respectively the boundary and sign-changing auto-
morphisms of X. We make K ® (L4 @) into a dichain complex by defining
the total degree to be s = »p —¢, and the total differential to be

d=d—dy=0xg®@(1p1l)—wr® (@, }1).
Dually we define the dichain complex
Kp(L®G) =X K, (L,®G),
naq

with total degree again s = p —g¢, and total differential
d=d,—dy = 0P (1®1)—wy (9, ®1).

Multiple mized chain complexes

The above two examples are the only two examples of multiple mixed
chain complexes that we shall use in this paper. However, it is worth
mentioning the general procedure in order to explain our choice of signs
and differentials. To begin with we assume that all boundaries and
coboundaries operate on the left; it is necessary that they should all
operate on the same side, because the total differential is composed of a
mixture, and it has to operate on one side.

Let W= WK, K2 ...,K"; GG?%...,G") be a word in the chain
complexes K%, ¢ =1,2,...,m, and the coefficient groups G/, j = 1,2, ...,n,
formed by using the binary operators ® and #. Let = +1 according
as to whether W is covariant or contravariant in K*. Suppose further
that W is a functor on some category (depending upon the context), and
let » = +1 according as to whether W is covariant or contravariant on
this category. For instance, in the examples above we have regarded
K® (L4 @) and K 4 (L®G) as covariant and contravariant respectively.

Then we make W into a multiple chain complex as follows. The ¢th
degree of W is given by the degree p* of K. The total degree p of W is
defined by the formula np = Y n*p'. The ¢th differential d of W is
defined to be ¢

di = W(w!,w?, ..., 01,05 1+ 1™ 1,1, ..., 1),
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where 0%, w?, and 1¢ denote respectively the boundary, sign-changing, and
identity automorphisms of K¢, and the 1’s denote the identity auto-
morphisms of the coefficient groups. The differentials d!,d?,...,d™ are
skew-commutative. The total differential d of W is defined by the
formula nd = ¥ n*d’. Then if y =1 (n = —1) the total differential d is a

boundary (coboundary) operator with respect to the total degree p, and
so we can form the homology (cohomology) group H(W). We can also
form various spectral sequences as in ((6) §3).

The rule of procedure agrees with the familiar boundary formula for
cap products. For suppose cap products are written with homology on
the left and cohomology on the right. Then, remembering that both
boundary and coboundary operate on the left,

d(h, N ct) = dh,Net—(—)Ph,N S,

We make use of this fact in Theorem 3 in the next section.

Carriers

Let K, L be geometric chain complexes. A carrier I' : K — L is a function
assigning to each cell ce K a closed subcomplex I'c of L, such that if
o>c¢’ then T'o>To’. If ¢ is a chain of K, then I'c is defined to be | I'o,
the union taken over all ¢ that occur with non-zero coefficient in the
chain ¢. A chain map f: K — L is carried by I" if fo € I'c for each cell ce K
(and therefore fce I'c for each chain ce K).

We now define the category of carriers X. An object of X is a carrier. A
map of X from the carrier I' : K —+ L to the carrier I'' : K'— L’ is defined
to be a pair (g, ¢) of chain maps

K—2% K

such that yI"p<I'. The meaning of the last inclusion sign is that
YI"po<To for each cell e K (and therefore yIgpc<T'c for each chain
ce K). The axioms for a category are easily verified, and the verification
is left to the reader.

Given a carrier I' : K —» L we call I'o the right facet (or carrier) of the
cell ce K. We say that I is acyclic if all the right facets are acyclic. For
instance, if K is an oriented simplicial complex, then the identity carrier
A : K- K given by Ao = 6 is acyclic. Returning to the carrier I' : K L,
we define the left facet of a cell e L to be

17 = {o; rela},
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which is an open subcomplex of K. Algebraically it is more correct,
but less intuitive, to describe the left facet as the relative complex
(K, K —T"17). In general the left facets are not acyclic.

Carriers resemble the facing relations of (5), in much the same way
that ¢ resembles ®. Consequently carriers give rise to spectral sequences.
Given a carrier I': K—L and a coefficient group G, it is possible to
construct in a natural way 48 different spectral sequences. We select 2.
The selection is uniquely determined by the two considerations:

(i) The sequences should reduce to E(K), E(K) of the previous section
when I' is the identity carrier on K and G = Z.

(i1) Lemmas 4 and 5 should be true.

The spectral sequences E, B of a carrier

We are given a carrier I' : K— L and a coefficient group G. Construct

the following two split exact sequences of dichain complexes:

0<D<K®(LpGQ)«J <0,

0D Kp(L®G)>J 0,
where J is defined to be the subcomplex generated by

{o®y; y(I'e) = 0},
and D is defined to be the subcomplex given by
D = {z; 2(0)eTe®@, all 0cK}.

The dichain complexes D = D¢ and D= ZD}I’ inherit their structure
from the two middle terms. Define E, £ to be the spectral sequences
formed from D, D respectively, by filtering with respect to g.

We leave the reader to verify that in the special case when I' is the
identity carrier on a finite simplicial complex and G = Z, then D,D.E, £
reduce to the definitions given in §2.

LemMa 2. E, B are covariant, contravariant Sfunctors, respectively, on the
category of carriers X. '

Proof. We have already defined E, £ on the objects of ¥. We must
now define the functors on the maps of X.

A map (p,¢) of X from the carrier I' : K— L to the carrier I'' : K’ > L’
is a pair of chain maps ¢ : K— K’ and ¢ : L' - L, such that yI"p<T. The
induced homomorphism '

p®l): K®(LpG)—> K ® (L' 1)
maps J to J' for the following reason. Suppose c®y is a generator

of J. Then yI'c = 0. Therefore y(I"po) = y(YI'p)o<yle = 0. Hence
po®yped’. But po®yy is the image of c®y under ¢® (7 1). Therefore
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p® (Y1) maps J to J’, and induces homomorphisms [ — D’ between
the dichain complexes and E - E’ between the spectral sequences.
Dually the homomorphism

ph®1): K'hp(L'®G)>K #(LOG)

maps D’ to D. For suppose zeD’ and seK. Then goeK’, and
z(po)e IV (po)®G. Therefore

@ 1)2a(po) € (Y1) (IMpoe®G)
= yTpe®@ @
cloe®G.

Hence (y® l)apeD. But (y®1)xp is the image of x under of (y@1).
Therefore o (y®1) maps D’ to D, and induces a spectral sequence
homomorphism £’ — £.

The functor axioms are easily verified, and the verification is left to
the reader.

Lemma 3. Let E,E be the spectral sequences arising from the carrier
I': K—L,and E', B’ those arising from T : K’ — L’ (both with coefficients G).
Let ¢ : K-> K' be a chain map, and ¥ : L' — L an acyclic carrier, such that
YTVp<T. Suppose y*,¢* are chain maps L'— L carried by ‘¥'. Then the
two maps (p, ') and (@, Y?) from T to T in the category X induce the same
spectral sequence homomorphisms E—~E', B' > E.

Remark. A similar result holds for maps (¢!, ) and (@3, ?) where ¢!, *
are carried by an acyclic carrier ® : K — K’, such that ¥YI'®d<TI'. How-
ever, for the applications below we require the result stated in the
lemma. The proof is analogous to that of ((6) Lemma 3).

Proof. We indicate the proof for £ —E’, and leave the dual proof to
the reader. Let 2 be a chain homotopy between ¢, 2 carried by V. Let w
denote the sign-changing automorphism of K. Then pw® (k1) is a
dichain homotopy between the dichain maps '

p®@Y2h1), e@Ytl): KO(L}G)>K @ (L' HG).

Also ¢® (k1) maps J to J’, and so induces a dichain homotopy between
the induced dichain maps D — D’. Therefore the induced spectral sequence
homomorphisms £ — E’ are the same (by ( (6) Lemma 2)).

Levmwma 4. If T is acyclic then the uugmentution of L induces isomorphisms

H(K; G)-=s H (D), HD)-S>HsK; Q).
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Proof. The proof resembles that of Lemma 1 and is left to the reader;
it depends upon the collapsing of the p-filtration spectral sequences.
The secret lies in writing D,D in terms of the acyclic right facets,

=2(lyo,7 @) and DP I(I',0,®G), where I'yo, denotes the gth
cham group of the right facet lo,, and the sum and product are taken

over all p-cells 0,€ K,,.

The left facet stacks

Lemma 4 above gives an interpretation of the ends of the spectral
sequences E,E. We now look at the beginnings. The left facets of I
give rise to two stacks on L analogous to the local homology and cohomo-
logy stacks defined in the last section. Replacing st in the definition
of the local homology and cohomology stacks by I'"''+® G and I'"'7 4@,
respectively, we obtain a graded contravariant stack H,(I'"!; G) on L,
and a graded covariant stack H *(I“l‘ G)on L.

Recall that in the definition (see ((5) §2)) of a geometric chain complex
K = XK, each K, is a free Abelian group. Define K to be of finite type if,
further, each K, is finitely generated. For example, the nerve of a finite
covering is an infinite complex of finite type.

Lemma 5. If either K or L is of finite type, then
B2 ~HYL; H(T1; @), E,2~H/(L; H (T; @)).

2,9 =
Proof. Ifeither K or L is of finite type, there are canonical 1somorph1sms
(see ((4) Theorem 2)):

K®(LpG)—=>Lp(K®Q),

Kp(L®Q) <L (K#G).
Therefore we can write D, D in terms of the left facets
D =TT 7, ®Q), DpxZ(Tyl7,4@),

where I';17, denotes the pth chain group of the left facet I'~* ), and the
product and sum are taken over all g-cells 7,€ L,. The lemma follows

Remark. If neither K nor L is of finite type, then the canonical
isomorphisms mentioned in the proof above become monomorphisms.
Lemma 5 is no longer true, and there is no easy interpretation of the
beginnings of the spectral sequences E, £. If the right facets of I' are of
finite type there is a partial interpretation in terms of homology and
cohomology of the ‘second kind’. Selecting different definitions of D, D
would get over the difficulty, but only at the expense of the more important
Lemma 4. In the general case it seems to be impossible to tame both the
beginnings and the ends of the spectral sequence at once.
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The singular-Cech carrier of a map

We are now in a position to give the topological application of the
above algebra. Let f: XY be a continuous map between two topo-
logical spaces. Let B8 be a covering of Y (all coverings are assumed to be
open). Let K = §(X) the singular simplicial complex of X. Let L = N(B)
be the nerve of the covering . Define the singular-Cech carrier of the map f
and the covering f to be the carrier I' : K — L given by

Fe={r;7eLl and imfonsupr#@}, oek.

Clearly T is a carrier. The right facet of a singular simplex o€ K is the
nerve N(B|im fo), where 8|im fo denotes the restriction of the covering 8 to
the subset im fo of ¥. The left facet of a Cech simplex 7€ L is the relative
singular complex S(X,X —f-!(sup7)). Denote the spectral sequences
arising from I" and a coefficient group G by

E = E(f,B,G), E= E(f’ﬁ:G)

We have defined the main idea. The programme now is (i) to take
limits over the directed set of coverings of Y, (ii) to show that the resulting
spectral sequences are functors on a category of maps, (iii) to identify
the beginnings and the ends of the sequences, and (iv) to relate them to
the simplicial sequences of the last section, and to the Poincaré duality.
The results are summarized in Theorem 2.

Category of maps

Define the mixzed category M of continuous maps as follows. An object of
N is a continuous map f: X — Y between two topological spaces. A map
of M from f to f’ is a pair (p,y) of continuous maps such that ¢f'e = f.

x—% . x

5 %

Y <——L Y’
We include the word mized in the definition to distinguish R from the
category M of maps introduced in (6), which differs from N by having
 in the above diagram going in the opposite direction. The word mixed
refers to the fact that the range and domain functors on 9t are respectively
contravariant and covariant, whereas on It they are both covariant.

As in (6), we define a larger category M., which includes coverings.
An object (f,B) of N, is a continuous map f: X - Y between two topo-
logical spaces, together with a covering B of Y. A map (p,¢, ) of N,
from (f,B) to (f’,B’) consists of a pair ¢, of continuous maps such that
Uf'e = f, and B’ refines ¢~ B, together with a simplicial approximation
g N(B')— N(B) to ¢ between the nerves of 8’ and .
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Levya 6. E, E are covariant, contravariant Sfunctors, respectively, on the
category N,

Proof. It suffices to show that the singular-Cech carrier is a covariant
functor from N, to the category of carriers X, for then we can appeal
to Lemma 2. By the above definition, an object of RN,,, determines an
object of X. We must now show that a map of N, determines a map of X.

Suppose we are given a map (@, , ) of N

x—*% . x
s lr
Y,,B l//’l/jﬂ YI,BI‘
Let T', T’ denote the singular-Cech carriers of (f,B), (f',B’), respectively.
Then (¢, 5) maps I' to I'" in X provided that §,I"p<T. To prove the
last inclusion, let o€ K, ie. o is a singular simplex of X. Suppose

T€ys(I"(po)), i.e. 7 is some simplex in the nerve of 8. Then 7 = ;7' for
some 7' € I''(po) such that sup > y(sup+’). Therefore

im fo Nsup72im (Yf 'p) o NY(sup ')
SyY(im f'poNsup7’)
#0.

Hence rel'o. Therefore y;I"p<T, as required. The proof that the
axioms for a functor are satisfied is immediate, and is left to the reader.

LemMa 7. E, E are independent of approximation.

Proof. The term independent of approximation (as defined in ((5) §4))
means that any two maps (@, ¥, ¥}), (@,9,¥%) of R, from (£, B) to (f',B')
with the same underlying continuous maps ¢, y give rise to the same spectral
sequence homomorphisms. Both ¢} and % are carried by the acyclic Cech
carrier ¥ : L' L given by ¥+’ = {r; sup72(sup+’)}. We verify that
YTVp<T, as in the previous lemma, and then appeal to Lemma 3.

CororLARY. E,E induce functors on N.

Proof. By Lemma 7 and ((5) Lemma 1) we can take limits. E(f,G) is
defined to be the direct limit of E(f, 8, ), and E(f, @) the inverse limit of
E(f,B,3), both limits taken over the directed set of all open coverings
of Y, the domain of f. Notice that E(f, G) is a spectral sequence because
direct limits are exact, but £(f,&) is only semi-spectral because inverse
limits are only left exact.
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Oriented nerves

Next we prove a lemma showing that it does not matter whether we use
nerves or oriented nerves in the construction of E, £ (cf. ((6) Lemma 4)).
The lemma is useful in two contexts, to show the convergence of the
spectral sequences when Y is finite-dimensional, and to relate the singular-
Cech theory to the simplicial theory.

Given an object (f,B8) of M., where f: X >V, let I': K~ L be the
singular-Cech carrier, where K is the singular complex of X, and L the
nerve of B. Let L° be an oriented nerve of 8. The difference between L0
and L is that L° is generated by oriented Cech simplexes, whereas L is
generated by ordered Cech simplexes. The analogous carrier I : K — L0
is given by exactly the same formula as I,

Mg ={r;7el® and imfonsupr#@}, o€k,

and gives rise to analogous spectral sequences E%(f,8, @), E°(f,B, @), say.
Let 6 : L— L® be the natural chain equivalence from nerve to oriented
nerve (see ( (2) Chapter VI) or ((6) §2)).

LeMMA 8. The chain equivalence 0 induces isomorphisms

E)(f,8,0)—>E(f,B.6), B(f,,¢)—=>E(f,B,0).

Proof. We prove the first and leave the dual proof to the reader. Choose
one of the usual chain equivalences 8 : L0— L (see ((2) Chapter VI) or
((6) §2)). Then 6" = I'® and AT°<T. Therefore by Lemma 2 there are
induced homomorphisms between the spectral sequences

E'(f,B,6) === E(£,5,0).

The composite 8*6* = (66)* = 1, because 86 = 1. The other composite
g% §* = (89)* = 1 by Lemma 3, because both 86 : L— L and.the identity
on L are carried by the acyclic Cech carrier ¥ : L— L that is given by
Y7 = {r; supr>sup~’}, and which satisfies ¥I'<T'. Therefore §* and 8*
are isomorphisms.

Small singular simplexes

We now investigate the beginnings and the ends of the spectral
sequences. We want to identify the ends with the singular homology
and cohomology groups of X, but we cannot apply Lemma 4 because I
is not in general acyclic; large singular simplexes may have complicated
right facets. We therefore resort to the device of small singular simplexes
(see ((5) Example vi)).

Suppose that we are given a map f: X — 1Y and a covering 8 of Y.
Let « be a covering of X that refines f~18, and let K = S(X,«) be the
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subcomplex of K = §(X) of a-small singular simplexes. Then I' restricted
to K is acyclic because the right facets of a-small singular simplexes are
Cech cones. Let D,D denote the dichain complexes formed using K
instead of K, and let E = E(f,8,Q), E = E(f,ﬁ, @) denote the resulting
spectral sequences.

LemMa 9. The inclusion K < K induces isomorphisms E—=>E, B =58,

Proof. We prove the first and leave the dual. If the covering g is finite,
then the nerve L is of finite type, and there is an easy proof using Lemma 5:
the inclusion induces an isomorphism between the stacks concerned, and
consequently an isomorphism between the E'-terms, E!'—=5 E'. Therefore
the spectral sequences are isomorphic.

If on the other hand the covering B is infinite, we form the exact
sequence of dichain complexes

0->D->D-D/D-0.

We can use the standard ‘chopping up’ of singular simplexes to prove
that the homology group of D/D with respect to the boundary of K
vanishes. Therefore, from the relative exact homology sequence of D,D
with respect to the boundary of K, we obtain the required isomorphism
El'—:>E1, between the El-terms. The lemma follows as before.

CorOLLARY. The E®-term of the spectral sequence E(f,B, G) ts the graded
group assoctated with the singular homology group Hy (X ; @), sustably filtered.
Dually the B -term of E(f, B, @) is related to H*(X ; G).

Proof. The statement is true for E,E by Lemma 4, and is carried over
to E, E by Lemma 9.

Local homology presheaves

In order to identify the beginnings of the spectral sequences, we introduce
notions which generalize the local homology stacks of § 2.

Define the local singular homology presheaf L of a space X with co-
efficients in a group @ as follows. It is a graded presheaf £ = X£¢,, and
2, is defined by assigning to each open set U< X the relative singular
homology group £,U) = H,(X,X -U; @), and to each pair of open sets
U>U'’ the inclusion homomorphism H,(X,X -U; @)— H,(X,X-U"; G).
If, further, we are given a map f: X — Y, then the image presheaf f¢
is defined in the usual way, by assigning to each open set V<Y the
group f&(V) = £(f~1 V), and to each pair of open sets V> V' the homo-
morphism L(f~1V)—2(f-1V’). We can form in the usual way the
rohomology group H*(X; ) of X with coefficients in £, and similarly
H*(Y; fR).
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The dual notion § = & is defined by assigning to each open set
U< X the relative singular cohomology group £7(U) = H»(X,X -U; @),
and to each pair of open sets U> U’ the (upstream) inclusion homo-
morphism H?(X,X-U’; G)->HP(X,X-U;@). Given f: XY, the
image fQ is defined as above. By taking homology groups of nerves of
coverings of X, with coefficients in €, and by proceeding to the inverse
limit, we can form the homology group H,(X; &) of X with coefficients
in £. Similarly we can form H,(X; ).

Notice that both £ and { are different from the local singular cohomology
presheaf & that was used in ((5) §6).

We can now state the results of this section.

TuroreM 2. (1) E, E are functors on the mixed category of continuous
maps N and the category of Abelian groups. E(f, @) is a spectral sequence
covariant in both f and G. E(f,G) is a semi-spectral sequence (the inverse
limat of spectral sequences) contravariant in f and covariant in G.

(2) If f maps X to Y, then E®, L, are related to the singular homology,
cohomology groups of X, respectively. In detail there are filtrations

H(X;G@)=F>F!>..oFI>F*l>...> 0 ,
0 <Pichic..chschs, c..cHX;®,

a
and exact sequences

+1 0,
0-> Fgi > Ft > B4, 0,

0~ F';_l - F’g - Ew,g”.

If Y is of dimension n, then the filtrations are finite and stop at Fn+l = 0,
Fs . = H(X; G). If fis the identity map on a polyhedron of dimension n,
then the filtrations stop at Fr—s+1 = 0, Fs_ ., = H¥(X; G).

(3) Suppose f maps X into a compact space Y. Let L denote the local
singular homology presheaf on X with coefficients in G, and L the dual. Then
the E2, E, terms are given by

B2 = HY(Y; fQ,), B,» = H(Y; f8r).
(4) If f is the identity map on a compact space X, then the sequences run
E:HYX;8,)=>H(X; @), E:H/(X; &) == H*X; G).

(5) If f1is the identity map on a closed orientable topological n-manifold M,
then the spectral sequences E, E collapse to the Poincaré duality isomorphisms
between Cech cohomology, homology and singular homology, cohomology,
respectively.

H(M; Q)~H, (M; @), H(M;@)=~HY(M;Q).
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(6) If f s the identity map on a polyhedron triangulated by K, and if the
integers are taken as coefficients, then E,E are isomorphic to the spectral
sequences E(K), E(K) of Theorem 1. Consequently in this case £ is spectral.

Proof of Theorem 2. (1) This is the Corollary to Lemma 7.

(2) The Corollary to Lemma 9 tells us that the statements are true
when the covering B is present. Therefore they remain true when we take
limits. Two points should be borne in mind. Since direct limits are exact,
both the filtration of H (X ; @) and the exactness of the upper short exact
sequence are preserved in the limit. Inverse limits are left exact, and so
the filtration of H3(X ; G) is preserved, but the last zero of the lower short
exact sequence is lost. The second point concerns the isomorphisms
H(D)~H(X,; G), Hs(D)~ Hs(X; G). These isomorphisms are functorial
because they are induced by augmentation (Lemma 4) and inclusion
(Lemma 9). Therefore they are independent of B, and so the direct,
inverse systems of groups Hy(D), H5(D) are systems of isomorphisms.
Hence the limit groups remain isomorphic to the singular homology,
cohomology groups of X, respectively.

If Y is of dimension n, we can confine ourselves to the cofinal set of
coverings of dimension n. The sequences E, £ for such a covering can be
computed using oriented nerves by Lemma 8, and so their domains lie
in the strip 0 <g<n. Therefore F2+! = 0, F5 ., = H¥X; @) for each such
covering, and consequently also for the limit.

If f is the identity map on a polyhedron of dimension n, we can by (6)
compute the sequences as in Theorem 1. Therefore E, E have the domain
shown in Fig. 1, and the lengths of the filtrations can be read off from the
lengths of the isogonals s = constant.

(3) If Y is compact, we can confine ourselves to the cofinal set of finite
coverings. The advantage of having B finite is that the nerve is of finite
type, and so we can apply Lemma 5:

B2~ Hi(L; H(T-; @), E,2~H/(L; H(T'-'; G)).
Since the left facets of I" are the relative singular complexes
'z =8(X,X-f"Ysupt)), 7€L,
the contravariant stack H,(I'"; ) on L is none other than that arising
from the presheaf f€, Taking direct limits gives the first result. The
second result is dual.

(4) This is a special case of (2) and (3).

(3) In a closed topological n-manifold M we can confine ourselves to
the cofinal set of finite coverings by n-cells U, such that
G, p=n,

1,00 M =03 Gz T
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Since M is orientable, the presheaf £, reduces to the simple presheaf @,
and £, = 0, p#n. Therefore the spectral sequence I collapses onto the
line p = n to the isomorphism

HYM; G)~E* = E=0 ~

w =

H,_(M; G).
The sequence E also collapses onto the line p = , to the dual isomorphism.

(6) We are given a finite oriented complex K triangulating the
polyhedron X. Let 1 denote the identity map on X. We shall prove that
the singular-Cech semi-spectral sequence £(1,%) is isomorphic to the
simplicial spectral sequence E(K) of Theorem 1. We leave the proof of
the dual result to the reader.

Let B denote the star covering of K. We can identify I with an oriented
nerve of B, and, by Lemma 8, use this to compute the spectral sequence
E(1,B,Z). The computation is as follows. S(X) is the singular complex
of X. The dichain comp]ex

D(,B,Z)=S(X)p K
is determined by the singular-Cech carrier I' given by
I'oc={r;7e K and imon|st7|#£ 0}, oeS(X).
Meanwhile the simplicial dichain complex
(K)eKp K
is determined by the identity carrier A on K given by Ao = &, ce K.

Choose an ordering of the vertices of K, and let ¢ : K — S(X) be the
chain equivalence defined as follows: given an oriented simplex oce K,
let & be the simplicial isomorphism of the standard simplex onto o, mapping
the vertices in the correct order, and define go = +h according as to
whether or not this ordering is in the orientation class of . Then I'p = A.
Therefore (¢, 1) maps A to I' in X, and so by Lemma 2 induces a dichain

map ohl: D(,B,Z)~>D(K).

If re K, ¢ induces an isomorphism from the singular cohomology group
to the simplicial cohomology group HP(X,X — |str|)—> H?(st7). The
resulting isomorphism between stacks gives, by Theorem 1 and Lemma 5,
an isomorphism between the £,-terms, and so an isomorphism between

the spectral sequences
EQ,B,Z )—=> B(K).

It remains to prove the combinatorial invariance. Let A’ be the first
derived complex of K, B’ its star covering, and w: K'— K a simplicial
approximation to the identity. The next lemma, Lemma 10, shows that w
induces an isomorphism between the I,-terms, and so an isomorphism
between the spectral sequences

EQ1,p,2)=5>E(1,8,2).
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Taking inverse limits over the cofinal set of star coverings of derived
complexes of K, we obtain an isomorphism

£(1,2)-55E(1,8,2),

which, combined with the isomorphism above, completes the proof of
Theorem 2:

£Q,2)-=s B(K).

Lemma 10. Combinatorial invariance. The approximation w: K'— K

induces isomorphisms H¥(K; 8)—=>H*(K'; ), H(K'; )-—5H, (K ; ).

Proof. We prove the second result, and leave the dual proof to the
reader.

To distinguish between the stars in X and K’, we denote by st (r, K)
the star in K of a simplex 7€ K, and by st (+', K') the star in K’ of a simplex
7'eK’. The underlying open sets of X are denoted by |[st(r,K)|,
|st(+', K")|.

The stacks on K and K’ concerned in the lemma arise from the covariant
presheaf €, which is defined by means of relative singular cohomology,
but since everything is polyhedral we can also interpret the stacks in
terms of simplicial cohomology, or compact (Cech) cohomology:

Qr = H¥(X, X —|st(r, K)|) = H*(st (7, K)) = H}¥(|st (r, K)|),

{r' = HYX, X —|st (', K')| )2 H*(st (+', K')) = H¥(|st (+', K')]).
The last interpretation is perhaps the most satisfactory in the present
context, because it emphasizes the nature of the stack homomorphisms,
which are all induced by inclusion. For if U, V are open sets, Uc V < X,
then inclusion induces a homomorphism between the compact cohomology
groups H*(U)—- HX*(V). In particular, suppose |7'|<|r|, where €K,
'€ K’'. Then |st(r’,K’)| is contained in, is homeomorphic to, and is a
deformation retract of, |st(r, K)|, the retraction taking place radially
towards some fixed point in the interior of 7. Therefore inclusion induces
an isomorphism £7'—=5> @r. In other words, all the little simplexes inside
have the same coefficient group as 7. To express this homologically we
introduce the notation: if L is a subcomplex of K, let PL denote the first
derived complex of L. Then PL is a subcomplex of PK = K'. In particular
P7, P are respectively the subdivided closure and boundary of . We
have shown that if 7 is ¢-dimensional, then
ﬁ'r, t=gq,
0, t#q.
Moreover, the simplicial approximation w induces this isomorphism

wy : Hy(P7, Pi; ) —=> H,(%,%; ).

H(Pz P+; Q)= H(7,+; Q)=
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If K, denotes the g-skeleton of K, we have, summing over all the
g-simplexes of K :
Wy : Hy(PK (), PK(yy); §)-= H, (K Kigny; ).

But this can be interpreted as an isomorphism between the E, terms of
two spectral sequences formed from the chain groups of K', K with
coefficients in , filtered by PK,,, K,,,, respectively. Since the filtrations
are finite, we can deduce an isomorphism between the E, terms, and an
isomorphism between the homology groups:

w* : Hy(K'; )= Hy(K; ).
The proof of Lemma 8 and Theorem 2 is complete.

Remark. Tt is possible to generalize the above topological invariance
proof to the following result: if f is the underlying continuous map of a
simplicial map g : K — L, we can compute the spectral sequences E, & of f
by using the carrier I' : K — L, where I'oc = go.

4. Geometrical interpretation

Throughout this last section we shall assume that the map is the
identity map on a given space X. We know that the resulting spectral
sequence E, and the semi-spectral sequence £, are topological invariants
but not homotopy type invariants of X, and we wish to discover some
geometrical interpretation of them. The first thing to discuss is the
filtration induced upon the homology and cohomology groups of X, for
here is an extra structure upon groups that are very familiar. In
Theorem 3 below we show a relation between the homology filtration and
cap products, and in Theorem 4 we -explain the cohomology filtration in
terms of supports.

Recall from Theorem 2(2) the notation

H(X;@)=F)>F;>.. .2F>F1*1>. .5 0 ,
0 chichic...cFicke, c..cHYX;G)

Define the filtration of an s-dimensional homology (cohomology) class ¢
to be the maximum (minimum) ¢ for which £¢e€F? (respectively f‘;). It
was mentioned in the introduction that the filtration of a class appears
to have something to do with the dimension of the piece of X in which
it is ‘situated’. For example, if X is an orientable n-manifold, then both
the spectral sequences collapse onto the line p = n, and the above filtra-
tions only have one non-trivial step. Therefore the filtration of any
non-zero s-dimensional class is n ~s.

If X is not a manifold, then an intuitive explanation runs something
like this: suppose for the purposes of explanation that we can represent
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homology and cohomology classes of X by ‘manifolds’ contained in X.
Then an s-dimensional class £ has filtration n — s if it ‘lies in an #-manifold’
in X. For example if £, is a homology class that can be written as a cap
product £, = 7, N £"~¢, then £, must ‘lie in an »-manifold’ representing 7,,,
and so &, is of filtration n —s; this is the meaning of Theorem 3. On the
other hand, if ¢2 is a cohomology class of filtration n —s, then ¢° ‘lies in
an n-manifold’ in X, and so can be represented geometrically by an
‘(n —s)-submanifold’; this is the meaning of Theorem 4.

Tureorem 3. If X is a polyhedron, then H,, ;N HI< F.

Proof. We prove the theorem for integer coefficients; the proof for
arbitrary coefficients is the same. Let K triangulate X, and consider
E(K). There is an exact sequence '

0>J>K®KfnZ)->D->0,
where J is generated by {¢®z; 2() = 0}. Let
c: K®(KpZ)->K
be the cap product homomorphism given by c¢(y®z) = ynz, where y is
a chain in K and z is a cochain in K#Z. We deduce that ¢ is a chain
map satisfying c¢d = de, for if p = dimy, then
cd(y®z) = c(dy®z— (— Py ®6z)
=oynz—(—)Pynéz
= d(yNz)
= dc(y®2).

If e: K> K®(K4Z) is the chain map induced by the augmentation of
the second factor K, then ce = 1, because

ce(y) =c(y®l)=ynl =y.
Now ¢J = 0, because if 2(6) = 0 then ¢(¢®z) = oNz = 0. Therefore ¢ and ¢
induce chain maps
K—*sD-5K
and homology homomorphisms
H,(K)—=> H,(D)—=> H,(K)

such that ¢, e, = 1. But ¢, is an isomorphism by Lemma 1, and so c,
is the inverse isomorphism. Therefore c, is precisely the isomorphism
that induces the filtration on H,(K) from that on H,(D).

Now suppose that the homology class {,€ H(K) is a cap product
€, = Mg+ N L% Represent 7., by the cycle y, and {? by the cocycle z.
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Then y®z is a d-cycle of K@ (K #Z) of filtration g, and its image e(y®z)
under the epimorphism e : K © (K 1 Z)— D is a d-cycle of D. The homology
class [e(y®2z)] in H(D) is of filtration >¢, and is mapped by ¢, into
[y nz], which is none other than the class ¢ ;€ H(K). Therefore ¢, is of
filtration > ¢, and Theorem 3 is proved.

ExampLE. A corollary to Theorem 3 is Y H, , NH"cFI. 1t is

mz=q
pertinent to enquire whether or not the inclusion can be replaced by

equality. In many cases it can (in particular in the case of oriented
manifolds), but not always, as is shown by the following counterexample.

Let X be the real projective plane, and let & = Z. Then the spectral
sequence converges, B2 = E*, and the only non-zero terms are

E»2~7, E*}x~Z,, the integers modulo 2.

Therefore F1 = H ~Z,, but ¥ H, ,NH" = 0, and so equality does not
hold. m=t

It is the non-orientability of X over Z that has prevented equality. If

instead of Z we choose coefficients ¢ = Z,, then the Poincaré duality of X
over Z, restores equality: H,n H' = F1 = H, >~ Z,.

Codimension

If z is a singular cochain on a space X, and if N< X, let 2| N denote the
restriction of  to V. The support of z, supz, is defined in the usual way:
a point is not in supx if and only if it has a neighbourhood N such that
2| N = 0. Define the codimension of the cochain x to be the dimension of
supx, where dimension means the usual topological dimension defined
by means of coverings. Define the codimension of a cohomology class ¢
to be the minimum codimension of a cocycle in £.

ExampLES. The circle, annulus, and solid torus are all of the same
homotopy type, and are of dimensions 1, 2, and 3, respectively. We can
represent a generator of the first cohomology group of each space by a
cocycle with support a point, a line, and a disk, respectively. The corre-
sponding codimensions will be 0, 1, and 2. If a particular meridional disk
of the solid torus were shrunk to a point, then a representative cocycle
could be chosen supported by this point, and so the codimension of the
cohomology class would drop from 2 to 0.

LemMa 11. If £ us an s-dimensional cohomology class of an n-dimenstonal
polyhedron, then codimension £ <n—s.

Proof. Let K triangulate the polyhedron X, and let K, denote the
s-dimensional skeleton of K. The coskeleton K% is defined as follows.
As in ((6) §5) we can generalize the notion of the dual cell of a simplex in

5388.3.13 N
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a manifold to non-manifolds. If » = a®al...a% in K, define
dualT = st (a% K')nst (@}, K')n...nst (a®, K'),

which is a subcomplex of the first derived complex K’ of K, of dimension
<n—s. Define the coskeleton

Kn=9 = {J{dualr; dim 7> s},
which is also a subcomplex of K’, of dimension # —s.

Let ¥ = |K"=9| be the underlying closed subspace of X. Then X~ ¥
is deformation-retractible (linearly) onto |K,_;|, and therefore the
singular cohomology group H3(X —Y) = 0.

Let ¢ be an s-dimensional cohomology class of X. If £ is represented by
the singular cocycle y, say, then y| X — Y is the coboundary 8z of some
cochain z on X — Y. Extend z arbitrarily to X, and let x = y—8z. Then
supz< Y, because 2| X — Y = 0. Therefore z is a cocycle in ¢ of codimen-
sion £ —s, which proves the lemma.

THEOREM 4. If £ is a cohomology class of a compact Hausdorff space X,
then codimension & > filtration . The proof is below.

CoroLLARY 1. If ¢ is an s-dimensional cohomology class of filtration
2n—s on an n-dimensional polyhedron, then codimension ¢ = filtration ¢
=n-S:.

For codimension ¢ > filtration ¢, by the Theorem,

>n—s, by hypothesis,
2 codimension ¢, by Lemma 11.

COrROLLARY 2. An s-dimensional cohomology class of an orientable
combinatorial n-manifold has codimension n —s.

For such a class has filtration n —s, as observed in the introduction to
§4, and so Corollary 1 is applicable.

ConsEcTURE. If X is a polyhedron, then the inequality of Theorem 4 can
be improved to equality. This would be a complete geometrical interpreta-
tion of the cohomology filtration. Corollary 2 shows that the conjecture
is true for orientable manifolds.

Proof of Theorem 4. The given cohomology class ¢ implies the use of
a given coefficient group . Let k = codimension £ Choose a singular
cocycle z€ ¢, with support Y of dimension k. Since the cocycle z|X - Y
has empty support, it cobounds. Therefore ¢ is killed by the restriction
homomorphism A*(X; @)->H*(X ~Y; @), and so { = Ay, the image of
some 7 under the relative inclusion homomorphism

A HYX,X-Y; 6)>H*X; Q).
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Suppose B is a given arbitrary open covering of X. The restriction of 8
to the subspace Y is denoted by 8| Y. We construct an open covering
B, of X, and a neighbourhood W of Y, with the properties

(i) B, refines B, and

(i) B/ W is of dimension<k (the dimension of a covering is the
dimension of its nerve). The construction of B, is as follows. Since ¥
is closed it is compact, and since Y is of dimension % we can refine 8| Y
by a finite open covering y of Y, of dimension <4. Since X and Y are
compact Hausdorff spaces, they are normal. Therefore we can find a
closed covering y, of Y that is a reduction of y (in the sense of ( (2) 261,
Lemma 3.3)). Therefore y, also refines 8| Y, and is of dimension <k,
because the nerve of vy, is contained in that of y. By ((2) 261, Lemma 3.4)
there exists in X an open (in X) enlargement y, of y;, which refines 8
and has a nerve isomorphic to that of y, (of dimension <k). The sets of
y, cover an open neighbourhood, W, say, of Y. Choose a smaller open
neighbourhood W of Y such that W<W,. Define B, to be y, together
with 8| X —W. Then B, is an open covering of X refining 8, such that
Bi| W = y,| W, which has dimension < k.

Choose now an open covering « of X with the properties

(i) « refines B;, and

(ii) any set of « which meets Y is contained in W.

Let K = 8(X) the singular complex of X, and K = S(X, «) the «-small
subcomplex. Let j: K— K be the inclusion homomorphism. There is an
induced commutative diagram of singular cohomology with vertical
isomorphisms

H*X, X~ Y; 6)— s HYX; G)
-
H¥X, XY, 0; G)—>— HXX, a; G).
Letn =j*npand § = 5% ¢ = Ay

Choose oriented nerves L, L, of B,B,, respectively, and construct the
following dichain complexes

D cKp(L®Q),
D, cK#(L,®0),
D,cD,cKp(L,®G),
where D, D, are formed as usual from the singular-Cech carrier

Fe = {r; imansup-r;élﬁ}, ocekK,
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where D, is formed using a-small singular simplexes (as in Lemma 9),
and where D, is the subcomplex of D, given by

D, = {x; 2(0) = 0 for all K such that imonY = @}.

In fact D, is none other than the relative dichain complex associated
with (X, X —Y), because we can identify (ﬁz)f} = I(I', 0, ® ), the direct
product taken over all p-simplexes ¢, in the relative a-small singular

complex S(X,X—-Y,a) =8(X,a)/S(X~Y,a). Since the right facets of
o-small simplexes are acyclic, we have by Lemma 4

H*D,)=sH*X,X-Y,a; Q).

This isomorphism can be embedded in a commutative diagram:

11

H*D,) ————— H¥D,) «———H*(D,) —— H*(D)

<

~

e € = (e =€

H¥X, X~ ¥, 0; G)—— H*X, o; G)%H*(X; ) —— HYX; ),

where the vertical isomorphisms e,, €, ¢,, € are induced by the augmenta-
tions of L and L,, and where the horizontal homomorphisms are induced
respectively by the relative inclusion D,=D,, by j : K- K, and by some
simplicial approximation ; L, — L. The purpose of the diagram is to
trace the filtrations induced from the upper row of groups on the elements
n,E, £, ¢ occurring in the lower row.

Now if 0eS(X,X —Y,«) then im ¢ meets Y and is contained in some
set of «, and so, by the construction of «, is contained in W. By the
construction of B;, the right facet I'c in L, is of dimension <k. Con-
sequently the domain of D, is contained in the strip 0 <g<k. Therefore
the filtration of any element in H*(D,) is <k. In particular the filtration
of v, induced by €,, is <k. Consequently the filtration of § = Ax, induced
by €, is <k. By Lemma 9, j* is an isomorphism not only on H*(X; G)
but on the whole spectral sequence, and in particular upon the filtration
of H*(D,). Therefore since § = j* ¢ the filtration of ¢, induced by e, is
< k. Finally the isomorphism i, induces a homomorphism (not necessarily
an isomorphism) of the filtration, and so the filtration of §, induced by e,
is <k.

Writing £5(8, @) for the filtration terms induced on H3(X; @) by ¢, we
have shown that if ¢ has dimension s and codimension %, then ¢ € F(8, G)
for arbitrary B. Therefore ¢ € N F5(8, G) = lim F5(B, G). In other words ¢

] «—

is of filtration < % in the filtration induced by the semi-spectral sequence £
of X. Theorem 4 is proved.
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We conclude the paper with an example to show how the filtration
and codimension depend upon the choice of coefficient group. First we
need a lemma,

Lemma 12. Suppose that a homomorphism G—G' between coefficient
groups sends a G-cohomology class ¢ into a G'-cohomology class ¢'. Then
Jiltration &' < filtration ¢, and codimension &' < codimension £.

Proof. The coefficient homomorphism induces a homomorphism £ — E’
between the resulting semi-spectral sequences, and a homomorphism
Fg»F'g between the filtration terms. Therefore if £ has filtration ¢,
then fseﬁg, f’seﬁ";, and so ¢’ has filtration <gq.

If ¢ has codimension k, and z is a cocycle in ¢ with codimension k, then
the image (-cocycle 2’ of x has if anything smaller support than 2, and
so has codimension < k. Therefore codimension ¢ < k.

ExampLE. The example is the quadric cone @ in complex projective
3-space. @ fails to be a real 4-manifold only at its vertex V. If A triangu-
lates @, then ¥V must be a vertex of K, and the link of V is real projective
3-space, P3. First we use integer coefficients Z, and later we use Z,, the
integers modulo 2.

To compute £, we first compute £. If re K, 7# V, then |st 7| is a 4-cell.
Meanwhile H?(st V)~ H»-)(lk V) = H»-1(P?), the reduced cohomology of
P3. Therefore the stack { = X7 is given by the table

P | 0 1 2 3 4
82(7) 0 0 0 0 VA
gr(V) 0 0 0 Z, Z

The global homology of @ is H,(Q)~Z%,0,Z,0,Z. Therefore the only non-
zero terms of £, are:

E,3~7,, from the local cohomology at V, and
Eglg;Z, g = 0,2,4, from the global homology of Q.

The only possible non-zero d, is d,, and d,: E2,§—>E2V§ must be the
epimorphism Z->Z, in order that £, = E, be related to the global
cohomology of @, H*(Q)~Z,0,Z,0,Z. Therefore the only three non-zero
terms of £, are Em;;’Z, qg=0,24.

We now compute the same spectral sequence, only using Z, coefficients,
which we denote by £’. The stack £’ is given by the table

pl01234

87(r) 0 0 0 0 Z,
{o(V)
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Therefore the only non-zero terms of £} are:
E;g;Zz, » = 2,3, from the local cohomology at V, and
E,4~2,, q = 0,2,4, from the global homology of Q.
This time dj : £33~ E;3 is an isomorphism in order that Kj = £/, be
related to the global cohomology H*(Q; Z,)~Z,,0,Z,,0,Z,. Therefore
the only three non-zero terms of £/, are Eéo,?,SZZa ¢=0,4,and £/ 27,

0,0 =
y 7 Zo
I B
b 7 7y
d, d,
Zy 7 Zy Zy Zz
v/ 7
o
a2 Zy
d'2
Zy Z Zy Ly 7y

Fic. 3

The coefficient homomorphism Z — Z, sends a generator

(e B Q) = B327
into a generator
¢ eHYQ; Zy) = B3 7,
Therefore
filtration ¢ = 2, filtration ¢ = 0.

From Corollary 1, putting n = 4 and s = 2, we obtain

codimension ¢ = 2.
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Therefore any integral cocycle x e ¢ must have support at least 2-dimen-
sional ; the support must be some sort of surface spreading globally over ¢,
for example, the 2-sphere underlying a generator of the cone (a generator
being a complex projective line). On the other hand, with Z, coefficients
it is possible to find a cocycle z’'e ¢’ with support a single point, the

vertex V. Therefore
codimension ¢’ = 0.

The construction depends upon being able to find a Z,-cocycle to represent
the generator of HY(P3; Z,) = Z,, whose support is a real projective plane,
which we then ‘join’ to V. The construction breaks down for integer
coefficients because no such cocycle exists. The spectral sequence reflects
and illuminates this interplay between local and global structures and
coefficient group.

Duality

Let E,E’ be the dual spectral sequences of § with coefficients 7,Z,,
respectively. Since Z, is a field there is strict duality between £’ and L’:
corresponding terms are dual vector spaces over Z,, and corresponding
differentials are conjugate maps. Therefore knowing £’ we can write
down E’ at once.

Since Z is not a field there is no strict duality between E and E. For
instance, if ¥ is also computed for ¢, it turns out that d? = 0, whereas dy# 0.
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